Introduction
The continuing demand for decreasing road vehicle emissions and stringent regulations imposed on both the OEMs as well as their suppliers has strengthened the demand towards improving the overall fuel efficiency of modern automotive transmission systems. By reducing the power losses associated with friction in such systems, it is possible to reduce the energy losses as well as the resulting vehicular emissions. A component of particular interest, with regards to power train friction is the hypoid gear pair, which is part of the differential of the automotive drivetrain system. The significant sliding at the gear teeth contacts, combined with the increased loading can contribute towards frictional power losses [1] . Hence, the development of axle lubricants with improved tribological performance can lead to improved fuel efficiency. To better understand the contribution of the axle lubricant rheology to the conjunction efficiency of the hypoid gear pair, it is necessary to develop an efficient numerical analysis methodology. In addition, although experimental studies focusing on the inefficiency of the rear axles exist in the literature (i.e., [2] [3] [4] [5] ), the analysis of the problem from a theoretical standpoint can offer a better fundamental insight into the physical phenomena involved.
With regards to the past literature related to the lubrication of hypoid gear pairs, the study by Simon [6] in the early 1980s can be considered as one of the first attempts in addressing the problem. Quasi-static conditions were assumed, while the kinematics and the elastostatics of the complex teeth conjunction are described through Tooth Contact Analysis TCA. Although the tooth loads considered were low and thus not representative of realistic vehicular operating conditions, this study set the basis of the methodology to be used when examining the lubrication performance of such components. Later, Xu et al. [7, 8] and Kolivand et al. [9] predicted the conjunctional efficiency of highly loaded hypoid gear pairs under quasi-static conditions using numerical models. The flank friction was calculated analytically, using a set of empirical/experimental relationships and numerically through solution of line contact Newtonian elastohydrodynamic (EHD) problem. Mohammadpour et al. [10] extended the solution of the EHD problem in hypoid gears by considering an elliptical contact footprint. The effect of the angle flow component of the lubricant entraining velocity was also accounted for. However, the lubricant was considered to undergo Newtonian shear. Consequently, the shear thinning action was not observed. Later, Mohammadpour et al. [11] extended their analysis to account for the non-Newtonian response of the axle lubricant. The impact of the dynamic response of the hypoid gear pair on the conjunctional efficiency was examined by Karagiannis et al. [12] following an analytical approach for predicting flank friction. Mohammadpour et al. [13] extended the aforementioned approach to account for the effect of lateral vibrations of the supporting shafts, which are due to the compliance of their supporting bearings.
The results in [13] have shown the potenial for tribodynamic analysis to predict the transmission system performance in a realistic emission cycle such as the NEDC. This approach provides a further opportunity for a suitably refined tribodynamic model to ascertain the effect of lubricant chemistry (additves) on transmission system performance in specified manoeuvres such as various drive cycles. For such an undertaking a detailed rheological model should be created to account for lubricant behaviour under a wide range of loading and shear conditions, including its rheological response at high pressure and shear, linked to lubricant chemistry. The work in [13] does not include such an approach. It uses an an overall empirical lubricant characteristics subject to non-Newtonian shear. The current study, on the other hand includes detailed measured lubricant behaviour with the inclusion of different viscosity modifying species subject to a wide range of loading and shear as described later. This is one of the main contributions of this study.
When analysing gear transmission systems, transient dynamics is required to address system non-linearities and to ascertain the extent of system stability and attainment of desired periodic motions. For example, when utilising a transient dynamic model, it is possible to capture the effect of resonance on the gear pair performance. In addition, this allows accurate prediction of dynamic loads of contacting teeth pairs. The inertial dynamics are normally under-estimated with quasi-static analyses. Therefore, inertial dynamics is required for evaluation of both transmission efficiency and NVH assessment. Thus, in the current study, a 4 DoF gear dynamics model, along with realistic TCA data is employed to account for the impact of the dynamic response of the hypoid gear pair on its conjunctional inefficiency. More importantly, realistic rheological data describing the high pressure and high shear response of fully blended axle lubricants are employed. The thermal effects due to the presence of flank friction are also accounted for by using a time-efficient analytical approach, yielding more realistic predictions of conjunctional inefficiency. The methodology presented in this paper distinguishes between the performance of fluids containing different types of viscosity modifiers (VM).
In the currently expounded tribodynamics model, an appropriate analytical thermal network partitioning model for the generated heat in the contact between the conjunction surfaces is used. The lubricant shear heating effect is also taken into account through Time Temperature Superposition (TTS) method with the use of specifically measured data for each lubricant, based on its TTS coefficient. In addition, in the current study, the contribution due to boundary friction is obtained, based on incorporating the measured surface roughness data for the contacting gear pair, including the combined average radius of curvature of asperity tips, composite RMS roughness values and the combined asperity peak density values. This approach improves the predictions of real system behaviour.
It is shown that the developed analytical approach in the form of a thermal tribodynamics model establishes a link between the rheological properties of transmission fluid's additives in the form of various viscosity modifiers and gear dynamic performance, measured through transmission efficiency. In particular, the model is shown to be sufficiently sensitive to the effect of various viscosity modifiers.
Problem Formulation
A torsional gear dynamics solver is developed to predict the dynamic response of the gear pair under a wide range of input torque data. The conjunctional friction is considered in the equations of motion. Employing a gear dynamics model into the analysis of the conjunctional friction enables the identification of regions of interest during the operation of the gear pair, such as the first primary resonance. When operating at or near these regions, tooth separation occurs, leading to changes in the frictional losses with respect to an equivalent quasi-static analysis [12, 14] . An analytical approach is employed to calculate the magnitude of friction at each time step of simulation. The viscous and boundary components of friction between the meshing gear teeth pairs are taken into account in the friction model. The temperature rise at the central region of the EHD conjunction is accounted for by employing an analytical thermal model. The calculation of the component of boundary friction is performed, using the Greenwood-Tripp model [15] . The Greenwood-Tripp parameters describing the roughness features of the gear teeth surfaces are determined by utilising a 3D Alicona™ optical interferometer and following the procedure recommended by Arcoumanis et al. [16] . A run-in pinion tooth was employed to conduct the surface topography measurements. The instantaneous contact geometry and the instantaneous meshing stiffness are determined through use of TCA data, available in published literature [14] to represent a realistic set of hypoid gear pair design.
The method of study is based on the decomposition of the problem into two separate models including a 4-DoF torsional gear dynamics model and a friction model. Each model is solved separately with the output of the other forming its input, iterating to a single solution. This is a co-simulation approach. The methodologies employed for each model are described in the following sections.
Gear dynamics model
A 4-DoF torsional gear dynamics model (Figure 1 ) is used to predict the dynamic response of the hypoid gear pair. The degrees of freedom considered are the angular displacements of the pinion shaft, the pinion wheel, the gear wheel and the gear shaft. An additional integration in time domain is performed to calculate the Dynamic Transmission Error (DTE) through use of its time history of response [17] . The equations of motion for the 4-DoF lumped parameter torsional gear dynamics model are expressed as:
φ̈w = 1 I w �k t2 �φ g − φ w � + c t2 �φ̇g − φ̇w� − T w � (4) Figure 1 provides a schematic diagram of the torsional gear dynamics model employed in the present study. As shown, the torsional elasticity of the supporting shafts of the pinion and the ring gear, as well as their corresponding torsional damping are included. The arrow at the spring represents the meshing stiffness, k m , which denotes the non-linearity of the gear meshing contacts. In equations (1 -4) , the backlash function, f, the dynamic transmission error, x, and the resistive torque at the gear shaft, T w , are calculated as:
The calculation of the resistive torque on the ring gear shaft (equation 7) takes into account the rolling resistance between the tyre and the road, the resistance due to any road inclination (i.e. grading) and the aerodynamic drag [18] . Finally, instantaneous values (during the meshing cycle) of the contact radii of the pinion and the gear, the meshing stiffness and the Static Transmission Error (STE) are calculated using [19] :
Equations (8 -11) are expanded up to the 8 th term since no significant change in their variation is observed when higher order terms are included. The values of the Fourier coefficients are the same as those used by Mohammadpour et al. [20] and correspond to a hypoid gear pair with the characteristics displayed in Table 1 . 
Friction model
To reduce the computational burden, the coefficient of viscous friction is calculated using an analytical method. The model employed is explained in this section.
It is known that the film thickness in hypoid gear pair conjunctions can be adequately described by the magnitude of the central lubricant film thickness [21] . The contacting surfaces of the meshing pairs are assumed to be smooth. Therefore, the effect of micro-EHL which can cause pressure perturbations in the contact is ignored in the current analysis. In practice there would be some micro-EHL effect, depending on the roughness of meshing surfaces as shown in [22] . Assumption of a Hertzian pressure distribution is also reasonable because most meshing teeth pair contacts are subject to various degrees of starvation. However, the effect of surface roughness on (boundary) friction has been included in the current analysis through use of well-establsihed asperity contact models (section 2.5). Therefore, using the Chittenden-Dowson relationship [23] The dimensionless parameters can be calculated according to [23] :
where,
where, W is the portion of load carried by the EHL film.
In the above relationships, the low shear dynamic viscosity, η 0 , and the pressure viscosity coefficient, α * , are estimated at the inlet temperature ,T in , of the EHD conjunction instead of the bulk (or oil sump) temperature, T b . This is to account for heat conduction from the gear teeth at the inlet meniscus. To evaluate the temperature of the gear teeth when engaging, a heat transfer model should be developed. Since this is considered to be a trivial exercise, for the purposes of the present investigation, the inlet temperature rise is estimated by the following rule of thumb according to Olver [24] :
A more thorough investigation should include the effect of inlet shear heating and the associated temperature rise, particulalry under starved conditions, similar to that reported in [25] .
In addition, the viscosity used for the calculation of central film thickness in equation (12) corresponds to the value obtained at ambient (atmospheric) pressure conditions. Furthermore, the equivalent contact radii of curvature in equations (12) (13) can be calculated according to Chittenden et al. [23] :
where θ corresponds to the angle between the velocity vector of lubricant entering into the conjunction and the semi-minor axis of the elliptical contact footprint. Hence, it can be calculated as θ = tan −1 (V U ⁄ ). The local contact radii of curvature, R zx and R zy , are determined at each time step throughout the meshing cycle using the TCA data. Finally, the effective entraining velocity used in the central film thickness equation (equation 12) can be determined as [23] : (17) where, U = �u s,p + u s,g � 2 ⁄ and V = �v s,p + v s,g � 2 ⁄ are the lubricant velocities along the entraining and the side leakage directions, respectively. The individual tooth surface velocities, u s,p , u s,g , v s,p and v s,g are evaluated using the gear dynamics model, which is integrated with the corresponding TCA data at each simulation time step.
Once the central film thickness is obtained, the lubricant shear rate at the centre of the EHD conjunction can be calculated. To proceed with the calculations, it is assumed that the shear rate at the centre is only due to the Couette flow, which is widely accepted in the relevant literature, particularly when analytical models are employed [26] . Hence, the lubricant shear rate can be obtained as:
where, V s corresponds to the total sliding velocity in the EHD conjunction, accounting for the sliding velocity components in both the entraining and the side leakage directions. To calculate V s , first the and components of velocities of each surface are predicted. Then, the resultant sliding velocity in each direction is found. Finally, the magnitude of V s is computed through the vector sum of these sliding velocity components.
The viscous shear stress in the conjunction is a function of pressure distribution, which needs to be determined a priori using the Hertzian model. This is a sufficiently good assumption for highly loaded hypoid gear pair conjunctions [26] . Consequently, the local pressure distribution becomes [27] :
The semi-major and the semi-minor axes of the contact footprint are given by [28] :
where R e = �R zx R zy � �R zx + R zy � � corresponds to the equivalent radius of curvature of the conjunction, whereas k and ε are the ellipticity parameter and the simplified elliptical integral respectively, which can be calculated as [28] :
Since the pressure is known, the local viscous shear stress can be calculated as:
where F is the non-Newtonian (shear-thinning) function. In equation (23) the low shear dynamic viscosity, η, is calculated at any pressure, based on the average temperature at the centre of the conjunction, T c , which is calculated according to the methodology presented in section 2.4. The effect of the limiting shear stress is also accounted for by restricting the shear stress to a value less than or equal to τ L , which is calculated according to Hoglund and Jacobson [29] as: τ L = τ L,0 + γ L p, where γ L = 0.029 and τ L,0 = 4MPa as recommended for PAO lubricants at 40 °C [29] . In the absence of specific data for the variation of the limiting shear stress with temperature, particularly at high pressures, the limiting shear stress is assumed to be independent of temperature in the current analysis. The temperature and pressure variation of the low shear dynamic viscosity are also discussed in the following sections. In addition, the non-Newtonian (shear thinning) function, F, can be calculated according to the Havriliak-Negami non-Newtonian model [30] as:
where λ corresponds to the relaxation time of the polymer in the solution and α HN and β HN are the Havriliak-Negami coefficients. The Time Temperature Superposition (TTS) shifting factor, a TTS , is a function of temperature [31] . The TTS accounts for the variations of the employed parameters with temperature. For the current study, the reference temperature used to calculate the aforementioned coefficients is T ref = 70 °C. The TTS coefficient, a TTS , can be calculated as [32] :
where, the temperature variation of the density of the lubricants used is provided by the lubricant manufacturer through the following relationship:
Once the average viscous shear stress, τ, is calculated by averaging the local shear stress calculated from equation (23), the viscous friction is obtained as:
where, A asp is the total area of asperity interactions, which is determined according to the methodology presented in section 2.5. The procedure to calculate the boundary friction, F b , is also described in the same section.
Thus, the total flank friction force can be calculated as:
In addition, the total frictional torque can be found as:
where i = p for the pinion and i = g for the ring gear, F fr k represents the total flank friction acting on the k th flank of the pinion/gear member and r fr,i represents the moment arm of the friction about the shaft of either the pinion or the ring gear. In the equation above, it is assumed that a maximum of 3 flanks are in simultaneous contact. This is in line with the findings of existing studies on the elasto-static contact of highly loaded hypoid gear pairs [12, 14] .
The percentage inefficiency is calculated based on the RMS of the instantaneous conjunctional inefficiency for 50 meshing cycles under steady state conditions. The instantaneous conjunctional inefficiency is calculated as:
In equation (30) , the numerator corresponds to the instantaneous conjunctional power losses of the flanks, whereas the denominator represents the instantaneous supplied power.
Lubricant properties
The lubricants used were polyalphaolefin (PAO) base of SAE 75W90 grade. To describe the variation of lubricant viscosity with pressure, the Roelands' equation is used [33] :
The PV index, Z, can be calculated according to Houpert [34] as:
where, α * represents the reciprocal asymptotic iso-viscous pressure-viscosity coefficient, which is calculated at any given temperature according to Bair et al. [35] as:
The high pressure response of the viscosity under certain pressure is usually determined by the lubricant manufacturer through employing a falling body viscometer.
The high temperature response of the low shear dynamic viscosity at ambient (atmospheric) pressure is described by a Vogel-type equation [36] as:
A cone-type rheometer was employed to measure the lubricant viscosity for a wide range of temperatures, namely between 10 °C and 140 ℃ with 1 ℃ increment. Table 2 lists the main properties of the various axle lubricants under examination. 
Thermal analysis
The temperature rise at the central region of the teeth conjunction is estimated by employing an analytical methodology which is based on the approach followed by Olver [37] . Ultimately, the purpose of the thermal model is to estimate the average temperature rise at the central region of the EHD conjunction between the meshing teeth. Consequently, this permits a more accurate determination of the viscosity of the lubricant at the centre of the conjunction and eventually its frictional behaviour [25] .
As already noted, the temperature of lubricant at the inlet meniscus is increased by 20 ℃ in comparison with its temperature in the sump. The lubricant temperature is expected to increase further at the central region of the conjunction because of friction, both due to the viscous shear of the lubricant and also due to potential asperity interactions. A lumped parameter thermal network model is used to evaluate the temperature rise in the contact (Figure 2 ).
Figure 2: Thermal resistance model
A proportion of the heat produced due to friction at the centre of the conjunction q̇= |F fr V s | is transferred to each bounding surface. This proportion is controlled by the heat partitioning coefficient, a h . The side of the thermal network model correspond to the pinion (left hand side) and the ring gear (right hand side). It is assumed that the heat is produced at the midplane of contact between the pinion and gear teeth. The thermal resistance, R cf , corresponds to the conduction of heat from the mid-plane to the adjacent solid surfaces. The thermal resistances, R fp and R fg represent the transient heat conduction to the solid surfaces according to Carslaw and Jaeger [38] . This approach has been employed in the study of circular point contact EHD by Olver [37] . In Figure 2 , T a corresponds to the ambient temperature, which in this case is the temperature of the oil bath and T b is the temperature in the sump of the vehicular differential unit. The thermal resistances are:
, and R fi = 1.06
The methodology for calculating the thermal resistances is well-developed for the case of circular point contacts with no side leakage (lateral) velocity [25, 37] . However, for the case of hypoid gear teeth conjunctions, the contact footprint is elliptical and the magnitude of the side leakage velocity is comparable to the velocity along the direction of entraining motion [10, 12, 21] . To take into account the effect of the complex contact geometry and kinematics on the transient heat conduction, Coleman's method [39] is adopted for the present analysis. This is accomplished by employing the active length parameter, l i . After utilising the original equations recommended by Coleman in [39] , the active length for each side can be expressed as follows:
where, a c and b c correspond to the lengths of the semi-major and the semi-minor axes of the elliptical contact footprint respectively. The angle θ i corresponds to the angle between the total surface velocity vector and the semi-minor axis of the contact ellipse. Hence, θ i can be calculated as: tan(θ i ) = v s,i u s,i ⁄ .
According to [38] , the heat partitioning coefficient and the average temperature at the centre of the conjunction are given by [37] :
where (ΔT f ) av represents the average flash temperature rise due to the presence of the moving heat source [38] whereas (ΔT oil ) av represents the average temperature rise of the lubricant due to shear heating and can be calculated as [37] :
It is expected that by adjusting the viscosity of the lubricant, based on the calculated contact temperature, the predicted friction and subsequent gear pair inefficiency can be predicted more accurately.
Boundary friction
The boundary friction can be calculated as [40] :
This model accounts for two different sources of boundary friction. The product τ 0 A asp represents the shearing of a tribo-film present at the asperity summits. The shear strength of the tribo-film, τ 0 is within the range determined experimentally by Briscoe and Evans [41] . The second source of boundary friction, which is taken into account in the product ςW asp , originates from the cold welds formed between the asperities in the contact, where, W asp is the load shared by the asperities and ς represents the coefficient of dry sliding friction of steel against steel in this case. Its value is taken to be ς = 0.17 according to De la Cruz et al. [42] . The load carried by the asperities is calculated by employing the Greenwood-Tripp model [15] . According to [15] , the total load carried by the asperities and the total surface area within which inter-asperity contacts occur are:
The parameters η G , β G and σ G , represent the surface density of the asperity peaks, the average radius of curvature of the asperity summits and the composite Root Mean Square (RMS) surface roughness of the mating surfaces. Greenwood and Tripp [15] suggest that for steel-on-steel contacts 0.03 ≤ η G β G σ G ≤ 0.05. For the case of highly loaded hypoid gear pair teeth the lower limit of the recommended range may well be reduced during the run-in period. For that reason the η G , β G and σ G values are obtained individually for a specific runin hypoid pinion tooth surface, as described in Section 2.6. The value of the statistical functions F 5/2 and F 2 are calculated according to [40] as: 
Flank surface topography
In order to calculate the boundary friction where interactions between asperity pairs on the counter face surfaces occur, the surface profile of a run-in pinion tooth was measured. Two different techniques for determining the surface topography were employed: one optical and another mechanical. The optical technique is based on the principle of focus variation, where an Alicona™ optical microscope was used ( Figure 3 , left hand side). A rotational unit (rotating head) was attached to the machine table to mount the pinion. Once the sample (pinion) has been placed on the rotational unit, the microscope is focused on regions of interest on the tooth flank. The upper and lower focus boundaries are set. Crosssectional images are taken in between these boundaries. The compilation of those images yields a 2D surface topography of the pinion tooth at the points of interest (Figure 4a ).
Six surface profiles along the axial and radial directions of tany tooth were obtained with a set of two profiles each on the heel, the middle and the toe of the tooth. It was observed that the surface roughness parameters for each of these three profiles (yellow lines in Figure 3 , right) were of similar magnitude. With these surface profiles, the Greenwood-Tripp parameters were calculated based on the procedure highlighted by Arcoumanis et al. [16] . Three spectral moments can be determined according to McCool [43] :
In order to account for the roughness profile along the axial and radial directions of the pinion teeth, the three spectral moments (equations 45) are calculated along these directions. The spectral moments are calculated twice for any pinion tooth surface (once along the axial direction and then along the radial direction) and twice for any gear flank surface. In the current study the corresponding gear tooth surface profile has not been determined since it is assumed that it is exactly the same as the pinion tooth surface profile. The choice of the axial and radial directions of the pinion tooth for the determination of the spectral moments was made because the minimum and maximum surface roughness is observed along these directions. This is due to the fact that the axial direction of the tooth almost coincides with the direction of the polishing wear tracks. According to Sayles and Thomas [44] , the equivalent isotropic spectral moments of each of the surfaces (of the pinion and the gear) are obtained as:
where the superscript i refers to either of pinion or gear teeth surface. The subscripts a and r refer to the axial and radial directions of any tooth surface. Finally, equivalent isotropic moment for the composite interface becomes:
where the subscript n represents the spectral moment to be determined and superscripts p and g represent the pinion and gear teeth surfaces respectively. Based on the obtained equivalent combined isotropic spectral moments, the Greenwood-Tripp parameters can be calculated according to Longuet-Higgins [45] and Bush et al. [46] as: 
Results and Discussion
A flowchart of the solution procedure is provided in the Appendix. Initially, the friction model is validated against experimental friction measurements of Habchi et al. [47] . Then, the friction model is combined with the gear dynamics model. Predictions for several outputs of significant interest such as the conjunctional mechanical inefficiency, the dynamic transmission error, the contribution of the asperity friction on the average flank temperature rise at the centre of the gear teeth conjunctions are shown and discussed below.
3.1.Validation of the friction model
To examine the validity of predictions of the friction model, the results from the model are compared with experimental friction measurements data presented in [47] , where a Mini Traction Machine (MTM) was employed. In this case, the lubricant used was a mineral oil. Figure 5 illustrates the variation of the coefficient of friction with the Slide-Roll Ratio (SRR) for two different loading conditions. The magnitude of the entraining velocity is kept constant at U = 2 m s ⁄ for both cases. Figure 5 suggests that there is good agreement between the experimentally measured coefficient of friction and the corresponding predictions from the friction model in the current study, particularly when the thermal effects are considered. A key aspect of the results shown in Figure 5 is the importance of using a suitable thermal model to predict the observed reduction in traction with slide-to-roll ratios in the reported experimental works. It is also observed that the predictions of the friction model can be considered valid for a wide range of loading conditions from 38 N to 154 N, which in turn correspond to maximum contact pressures of 0.85 GPa to 1.35 GPa. The aforementioned range of contact pressures, along with the magnitude of the entraining velocity are typical in highly loaded hypoid gear pair conjunctions of automotive differentials [26] . The results from the current validation procedure should only be confined to the studied cases. For operating conditions other than those reported here, a separate validation procedure may be required, although a wide range of representative conditions are included in the current study.
The tribo-dynamics model
As noted earlier, three different axle fluids are examined, which are API Group IV lubricants with the base oil Poly-alpha-olefin (PAO). The additive pack both in terms of percentage and composition were common except for the blended VM type and the percentage. For Fluid 1, the VM is an ester-olefin copolymer, for Fluid 2 it is polyisobutylene, whereas for Fluid 3 it is polyethylene-co-propylene. All three fluids are examined in terms of their contribution to the conjunctional inefficiency and are compared with each other. Figure 6 illustrates the maximum, minimum and mean DTE responses when Lubricant 1 is considered. The dashed line represents the half backlash length, meaning that when the minimum DTE response falls below this line, single-sided impacts occur between the meshing teeth. These vibro-impacts are the results of loss of contact between the meshing teeth for certain intervals of time during the meshing cycle. Single-sided impacts are clearly demonstrated in Figure 6 . They are supressed by an increasing cruising velocity. This is due to the fact that for input torque T s ≈ 25 Nm, the 1 st primary resonance appears, leading to high amplitude vibrations. When the contact between the mating teeth is lost, the flank friction diminishes, as seen in Figure 7 . Figure 7 presents the maximum, minimum and the mean frictional torque responses of the pinion for a range of cruising velocities. When single-sided impacts occur, for cruising velocities below 80 km hr ⁄ , the minimum frictional torque on the pinion diminishes, since within the meshing cycle the contact between the meshing teeth is lost for certain intervals. A rapid rise in the minimum friction torque occurs when there is no loss of contact. A subsequent decrease of the maximum response of the friction torque is also observed for increasing cruising velocities. This can be attributed to the improved film forming capabilities of the conjunction since the entraining velocity of the lubricant increases with the cruising velocity. Consequently, the contribution of the component of asperity friction also decreases with increasing cruising velocity, even though the contact load is increased. This is because the lubricant film thickness is quite sensitive to entraining velocity and insensitive to load under elastohydrodynamic regime of lubrication. This statement is further supported by the plots of figure 8. Regarding the mean frictional torque response, this remains virtually constant with the cruising velocity with only a slight increase at higher velocities. Figure 8 presents the ratio of boundary-to-viscous friction for all the three lubricants examined. The temperature of the sump is set to 40℃. The magnitudes of boundary and viscous friction used to calculate this ratio correspond to their RMS values for 50 meshing cycles under steady state conditions. The considerable influence of the component of boundary friction for low-medium cruising velocities is clearly demonstrated. A comparison amongst the three investigated fluids reveals that, in terms of film thickness formation capabilities, lubricants 1 and 3 behave in quite a similar manner. On the contrary, lubricant 2 behaves differently since the corresponding boundary-to-viscous friction ratio is significantly lower than that for Lubricants 1 and 3.
Figure 8: RMS of the boundary to viscous friction ratio for the three lubricants under examination
Practically, this translates to Lubricant 2 exhibiting improved film forming capabilities over lubricants 1 and 3. To further support this statement, the variation of the central film thickness at 40 ℃ with the lubricant entraining velocity is presented in Figure 9 . The central film thickness is obtained experimentally by employing an optical interferometer which comprises a steel sphere, loaded against an optically flat glass disk. The maximum contact pressure is 0.5 GPa, with pure rolling conditions maintained throughout the range of examined entraining velocities. As shown in Figure 9 , lubricant 2 demonstrates improved film forming capabilities over lubricants 1 and 3 even when a much simpler configuration, such as a sphere against a flat configuration is employed. Not only does this validate (qualitatively) the findings of the tribodynamic analysis (presented in Figure 8 ) but also it implies that rather simple and relatively cheap laboratory experiments, such as optical interferometry, can be safely used to estimate the film forming behaviour of the lubricants when employed in a full scale system such as a hypoid gear pair in a vehicular differential unit. Figure 10 presents the variation of the conjunctional inefficiency of the gear pair with an increasing cruising velocity. The conjunctional inefficiency is defined as the ratio of the power loss to the input power, expressed as a percentage value. Lubricant 1 is employed while the temperature of the sump is maintained at 40 ℃ throughout. Both isothermal and thermal approaches are considered. The divergence between those two approaches is clearly demonstrated throughout the range of cruising velocities, highlighting the impact of thermal effects occurring at the centre of the EHD conjunction on the total system inefficiency. Again, the magnitude of the inefficiency for each velocity, corresponds to the RMS of the instantaneous inefficiency over 50 meshing cycles, under steady state conditions. The trend of the plots of Figure 10 also reveals that the conjunctional inefficiency reduces with increasing cruising velocity when the thermal effects are accounted for. This is in line with the findings of others [8, 9] and can be attributed to the synergistic effect of the reduction of boundary friction and the increasing central flank temperature, which leads to a reduction of lubricant, hence reducing viscous friction. The inefficiency predictions under the isothermal assumption indicate an increase in the conjunctional inefficiency with the cruising velocity.
Figure 9: Experimental central film thickness using the optical interferometry rig
This represents cold start-up conditions. This behaviour suggests that the thermal effects in the conjunction considerably improve its efficiency performance. The significance of the thermal effects on the conjunctional inefficiency, as well as the increase of the central flank temperature, are demonstrated by the plots of Figure 11 , where the variation of the average temperature rise with the cruising velocity is presented for Lubricant 1. Three different sump temperatures are examined. Figure 11 suggests that the average flank temperature rise at the centre of the EHD conjunction is considerably increases with cruising velocity. This is an expected outcome since increased cruising velocity also leads to increased tooth surface velocity, which results in increased shear heating of the lubricant. Additionally, it is suggested that the magnitude of the average flank temperature rise is reduced with an increasing sump temperature. This is also an expected outcome since increased sump temperature leads to increased inlet temperature as well. Consequently, the average temperature at the centre of the conjunction is also rises, leading to a relative decrease in the viscosity in the central region of the contact. Hence, the effect of shear heating is mitigated, leading to a reduced average temperature rise. Since increased oil sump temperature leads to a decrease in viscosity, it is also expected that the inefficiency would be reduced. This is supported by the plots presented in Figure 12 , where Lubricant 1 is examined at three different oil sump temperatures.
Figure 10: Comparison of the RMS inefficiency predictions for lubricant 1 between the isothermal and the thermal approaches

Figure 12: RMS inefficiency for lubricant 1 at different sump temperatures
The decrease in inefficiency with increasing oil sump temperature is clearly demonstrated in Figure 12 , supporting the above statements. This is also in line with the observations of Xu and Kahraman [8] , which were derived theoretically, as well as with the experimental work of Kubo et al. [3] . A comparison of the predicted conjunctional inefficiency amongst the three lubricants under examination is demonstrated in Figure 13 . The plots indicate that Lubricants 1 and 3 not only exhibit very similar film formation behaviour, but also quite identical tractive behaviour, since their application results in similar inefficiency. Again Lubricant 2 seems to behave in a different manner. To further support the predictions of the tribodynamic model, the coefficient of friction for varying slide-roll ratios and at constant entraining velocity is experimentally determined for the three lubricants by employing a MTM. The configuration of the MTM is very similar to that of the optical interferometer, with a steel sphere loaded against a flat disk, also made of steel. The experimentally determined coefficient of friction is plotted against the slide-roll ratio in Figure 14 . The maximum contact pressure is kept at 1 GPa, the entraining velocity is at 2.5 m s ⁄ , whilst the temperature of the oil bath is kept at 40 ℃ throughout. ⁄ (40°C indicates bulk lubricant temperature at the start of simulation)
The experimentally determined coefficient of friction, for the lubricants under examination, presented in Figure 14 validates, at least qualitatively, the predictions of the tribodynamic model. The considerably increased coefficient for Lubricant 2 over the rest is well demonstrated throughout the range of slide-roll ratios. A remark should be made regarding the comparison between Lubricants 1 and 3. The MTM data indicate that Lubricant 3 exhibits a slightly reduced coefficient of friction compared with Lubricant 1. On the contrary, the corresponding inefficiency seems to follow the opposite trend. This can be attributed to the assumed independence of the limiting shear stress on the temperature. The difference between the coefficient of friction for Lubricant 2 and those of Lubricants 1 and 3 highlights the major influence of the viscosity modifier on friction and ultimately on the conjunctional inefficiency. A question that might arise concerns the mechanism through which the VM influences the inefficiency of the gear pair. Two possible mechanisms are considered in the present investigation, namely (1) through varying the high temperature response of the viscosity, and (2) through varying the high shear response of the viscosity. Although more investigation, both theoretical and experimental would be required in order to conclude, an attempt is made in the current study to shed some light on these issues. Figure 15 presents the inefficiency variation with cruising velocity for Lubricant 1. Two cases are examined, namely (1) where the shear thinning action of this fluid is taken into account, and (2) where the shear thinning is neglected. The oil sump temperature is kept at 40 ℃. The plots indicate a very close convergence of the aforementioned approaches. This observation suggests that, at least when highly loaded hypoid gear pairs are considered at medium-high speeds, the shear thinning of the lubricants employed is kept relatively low. This is due to the fact that, as indicated in Figure 11 , the average temperature at the centre of the conjunction is relatively high, and increases with the speed, leading to mitigation of the shear thinning action. It is well known that the shear thinning is mitigated with increasing temperatures [32] . Finally, in Figure 16 the percentage difference between the inefficiency under Newtonian and non-Newtonian assumptions, is presented in order to further illuminate the plots of Figure 15 . The results of Figure 16 suggest that not only the maximum difference between the two approaches is kept at ~9.5%, but also this difference reduces with an increasing speed. It is believed that this reduction is because of the prevailing thermal effects, at higher speeds, which tend to suppress the shear thinning action of the lubricants.
Figure 16: Percent difference between the inefficiency predictions using the Newtonian and the non-Newtonian approach
The results also indicate that the VM may affect the conjunctional inefficiency of hypoid gear pairs mainly through modifying their high temperature response rather than their high shear response. More investigation would be required to support this statement.
Conclusions
A tribo-dynamics analysis of a hypoid gear pair, corresponding to a differential unit of an automotive drivetrain is presented. A 4-DoF torsional gear dynamics model containing the exact data related to the gear tooth geometry is integrated with a friction model to predict the conjunctional inefficiency. The performance of three axle fluids, blended with different types of viscosity modifiers is examined.
The developed tribodynamic model found to be of sufficient "resolution" to distinguish the emerging differences between the performance of different nano-scale viscosity modifying additives with respect to their type and concentration, when their effect is measured with various test-rigs.
The findings of the present study can be summarised as follows:
• At lower speeds, the system inefficiency is increased due to the effect of boundary friction combined with reduced contact temperatures.
• An increasing temperature of the oil sump leads to improved efficiency due to its effect in reducing viscous friction at the centre of the contact conjunction.
• The thermal effects occurring at the centre of the conjunction have a significant effect on the predicted conjunctional inefficiency (an order of magnitude difference is observed between the predictions of the isothermal and the thermal approaches).
• The information obtained through laboratory testing, using optical interferometry and MTM on the rheological behaviour of candidate lubricants can be directly related to their performance in real applications such as those encountered in automotive differentials.
• The shear thinning action of the studied lubricants is largely supressed when used in a hypoid gear pair of a vehicular differential. Hence, the quantitative differences in the system inefficiency between the fluids with different viscosity modifiers can be attributed to the contribution of the VM.
The main contribution of the current study is the link established between lubricant rheological properties, particularly the type of viscosity modifiers and percentage concentration, and gear pair dynamics, as well as transmission efficiency.
The current study can be improved further by developing a more elaborate boundary friction model, which is able to take into account the effect of (chemically and/or physically) adsorbed layers on the surfaces altering the conjunctional frictional behaviour in addition to the bulk lubricant film effects. 
